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ABSTRACT: We present small angle neutron scattering data on polystyrene (normal or deuterated) in a good sol-
vent (carbon disulfide). All data are taken in the semidilute regime where the chains overlap strongly, but the sol-
vent fraction is still large. We have measured the following. (a) The radius of gyration Ra(c) for one deuterated
chain in a solution of normal chains with concentration ¢. We find that Rg%(c) is proportional to the molecular
weight and that R? decreases with concentration like c~* where x = 0.25 £ 0.02. (b) The screening length £(¢) (in-
troduced, but not quite correctly calculated by Edwards) giving the range of the (c(r)c(r’)) correlations. We find £
~ ¢7% with z = 0.72 £ 0.06. (¢) The osmotic compressibility x(c) (through the scattering intensity of identical
chains in the small angle limit). From an earlier light-scattering experiment, we find x ~ ¢~ with y = 1.25 &+ 0.04.
These results are to be compared with the predictions of the mean field (Flory-Huggins-Edwards) theory which
are: R independent of ¢, x ~ ¢~!, and ¢ ~ ¢~1/2 in the semidilute range. We show in the present paper that the
measured exponents can all be interpreted in terms of a simple physical picture. The underlying basis is the analo-
gy, recently found by Des Cloizeaux, between the semidilute system and a ferromagnet under an external field.
However, in this paper, we emphasize mainly the polymer aspects. At short distances (r < £) the correlations are
determined by excluded volume effects. At large distances (¢ < r < Rg) the chains are gaussian and the effective in-

teraction between subunits of the same chain are weak.

I. Introduction

1. General Aims. For a long time, the main experiments
on polymer solutions measured macroscopic parameters
such as the osmotic pressure, or the heat of dilution. The
resulting data for good solvents are rather well systemat-
ized by a mean field theory analysis due to Flory®® and
Huggins.?P A precise description of the method and some of
the data can be found in chapter 12 of Flory’s book.? Re-
cently, however, it has become possible to probe solutions
more locally (i.e., at distances of order 20 to 500 A) by
small-angle neutron scattering.* Using the large difference
between the scattering amplitude of protons and deuter-
ons, many different measurements become feasible. For in-
stance it is possible to study one single-labeled chain
among other chains which are chemically identical, but not
labeled.? In the present report we present two distinct se-
ries of neutron studies on polymer solutions: one with iden-
tical chains, and another one with a few labeled chains.
These experiments prove that the mean field theory must
be refined, and that a number of anomalous exponents

occur; fortunately the theory of polymer solutions in good
solvents has progressed remarkably in the last vear mainly
through the work of Des Cloizeaux.® In his original article,
Des Cloizeaux was concerned mainly with thermodynamic
properties. In the theoretical part of the present paper, we
show that (a) his results can be derived directly from cer-
tain scaling assumptions and (b) his arguments can be ex-
tended to discuss local correlation properties. Our discus-
sion is only qualitative, but it does account for the anoma-
lous exponents, without the heavy theoretical background
which is needed to read ref 6. (A simplified version of ref 6,
requiring only a modest knowledge of magnetism and
phase transitions, is given in the Appendix.) To reach a
(hopefully) coherent presentation, we shall not separate
the theory from the experiments, but rather insert the lat-
ter at the right point in the discussion.

2. Organization. This paper is organized as follows. Sec-
tion IT describes the experimental method. Section III con-
tains a general presentation of the three concentration do-
mains for polymer solutions, corresponding respectively to
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Figure 1, Scattered intensities I(r) as a function of the distance r
between a cell detector and the direct beam: r is a measure of the
scattering angle 6, r/L. = 6, where L is the path length between
sample and detector. Open circles: scattered intensity by a solution
of 0.5 X 102 g ecm™=3 PSD and 95 X 1072 g cm™2 PSH in CS,.
Closed circles: scattered intensity by a solution of 95 X 1073 g cm ™~
PSH in CSo. The intensity variation at small r is due to the direct
beam contamination.

separated chains, overlapping chains, and concentrated
systems. Our interest is mainly on the second, “semidilute”
regime. We discuss in section III the global thermodynamic
properties in this regime. In section IV we consider the
local structure of the correlation, and establish the distinc-
tion between a short-range behavior which is of the exclud-
ed volume type and a long-range behavior which corre-
sponds essentially to gaussian chains; the critical distance £
at which these two pictures merge is one crucial parameter
of the theory and we report measurements of this length as
a function of concentration. Finally, in section V, we dis-
cuss possible correlation experiments involving chains
which carry a label at one definite position (for instance at
the ends, or at the midpoint).

II. Experimental Technique

1. Contrast Factor in a Small-Angle Neutron-Scattering
Experiment. The scattering of a radiation of wavelength X by a
medium with long-range correlations (i.e., greater than A) gives rise
to a central intensity peak about the forward scattering direction.
The shape of this peak reflects the pair correlation function of the
atoms in the sample. The intensity is determined by the interac-
tion between radiation and atoms. In case of a neutron radiation,
the interaction is of the neutron-nucleus type. It is characterized
by a “‘coherent scattering length”, a. The value of g varies in an
impredictable manner’ from nucleus to nucleus. For example, the
hydrogen atom has a scattering length ay = —0.374 X 10712 cm,
and the deuterium atom has ap = +0.670 X 10712 ¢cm. This is the
large difference responsible for the success of the labeling meth-
od®? in the study of polymer configurations by small-angle neu-
tron scattering. The labeling is an isotopic substitution, without
chemical perturbation.

In a scattering experiment the intensity is recorded as a function
of the scattering angle 8. The pair correlation function S(q), for a
given scattering vector

lg| = 4=/ sin 6/2 (ILy)
is related to the coherent scattered intensity I(q) by
I{g) = AK?S(q) (I1.2)

where A is the apparatus constant and K the contrast factor or
“gpparent” scattering amplitude given by

K = (am — nay) (I1.3)

am is the coherent scattering length for the monomer unit (i.e., the
sum of the length associated with each atom), a, is the coherent
scattering length for the solvent molecule, and n is the ratio of the
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Table I
Characteristics of Samples 1 and 2
Sample Poly- c*, Ag
no. mer M, M,/M, gecm™ A
1 PSD 114000 1.10
psH 114000  1.02 007 5.62
2 PSD 500000 1.14 0.020 8.83

PSH 530000 1.10

partial molar volumes. Formula I1.2 can be generalized to the
problem of interest in the study of concentrated solutions, where a
few labeled chains are dispersed in a solution of unlabeled chains
and solvent. In this case

I(g) = A[Kp®Sn(g) + Ku?Su(g) + 2KpKuSunl(q)] (I1.4)

where the separate correlation functions for labeled and unlabeled
polymers are respectively Sp(g) and Su(q); Sup is the interference
term, Kp and Ky are the “apparent” scattering amplitudes de-
fined by eq I1.3 for the deuterated and protonated monomers, re-
spectively. For polystyrene dissolved in carbon disulfide, the theo-
retical values!® for these amplitudes are

Kp=86X10"12¢cm
Ky=03X%X10"2cm

It is clear, with these numbers, that the scattered intensity (eq
11.4) is essentially proportional to the correlation function of the
labeled chains; this assertion is true at about every practical con-
centration of deuterated and protonated chains, as will be seen
from the concentration dependence of Sp(g) and Sy(g) in section
V.

Up to this point we have only discussed the “coherent” contri-
bution to the scattered intensity. The presence of protons in the
solution implies however a strong “incoherent” contribution to the
scattered intensity, which is ¢ independent. Because of the long-
range monomer-monomer correlation, the weight of the coherent
signal is of an order of magnitude greater than the incoherent sig-
nal. The two contributions can be compared in Figure 1. The
upper curve corresponds to a concentration cp = 5 X 1073 g em™3
of labeled chains and a concentration ¢y = 95 X 1073 g ecm™3 of
protonated chains, dispersed in carbon disulfide. The lower curve
corresponds to the solution of protonated chains only (cy = 95 X
1073 g em™3). It is seen to contribute by an order of magnitude less.

2. Samples. Our experiments have been carried out with two
kinds of polystyrene chains. (a) The first is deuterated polystyrene
(PSD), obtained by anionic polymerization of perdeuterated sty-
rene (kindly supplied by Mr. M. Herbert, CEA, Département des
Radioéléments). The method of preparation and the characteriza-
tion are detailed in ref 11. The molecular weights and polydis-
persity are given in Tables I and III (section IV). (b) The second
kind of chain is hydrogeneous polystyrene, prepared by anionic po-
lymerization (cf. Table I). The samples are mixtures of PSD and
PSH, in proportions described in section IV, dispersed in carbon
disulfide. This is a good solvent and has the advantage of being
‘“transparent” to the neutron beam.

3. Apparatus. The wavelength of the incident neutron beam can
be fixed in between A = 5 A and 10 A. This range is very conve-
nient for a study of polymer configuration and points out another
advantage of neutron-scattering technique. It allows the measure-
ment of the size of the polymer coil in the “Guinier” range, as in a
light-scattering experiment,

gRg <1 (I1.5)

where Rg is the radius of gyration of the coil, and also the mono-
mer-monomer correlation function in the so called “asymptotic”
or “intermediate” range

1/Rc < g <1/l (1L.6)

where [ is the step length.

Measurements of Rg were performed with the small-angle neu-
tron-scattering apparatus at the “Institut Laue Langevin” (Greno-
ble) (the “Institut Laue Langevin” has edited a Neutron Beam Fa-
cilities available for users, ILL, BP 156 Centre de tri 38042 Greno-
ble). The experimental setup is described in ref 11 and corre-
sponds to the lines B and C of Table III of this reference. The inci-
dent beam has a broad wavelength distribution and the momen-
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tum transfer is defined here as inversely proportional to the mean
quadratic wavelength A

q = 4n/Xy sin 6/2 (ILY)

The values of Ay are given in Table I.

For the intermediate momentum range (eq I1.6), the measure-
ments were made on a two-axis spectrometer at the exit of a “cold”
neutron guide of the EL3 reactor at Saclay, specially designed for
small-angle scattering. A detailed description is also given in ref
11, The incident wavelength is 4.62 % 0.04 A (thus with a very nar-
row distribution as compared to the first apparatus) and the scat-
tering vector range is

1072A-1< g <10-1 A1

II1. Different Concentration Regimes and Global
_ Properties

All our discussion will be restricted to the case of good
solvents, where different monomers repel each other.

1. Dilute Limit. In this limit, the chains are well sepa-
rated and behave essentially like a gas of hard spheres,!?
with a radius4?

Rg =~ N (I1L.1)

Here N is the polymerization index (the number of mono-
mers per chain) and v is an excluded volume exponent. We
shall always use the Flory value® for v; in the space dimen-
sion d = 8, » = 3. This value is confirmed by a large num-
ber of experiments!® and by numerical studies.!* Recent
advances in the theory of phase transitions!® have shown
that it is instructive to consider not only the usual case d =
3, but also other possible dimensionalities (d = 2, for in-
stance, corresponds to polymer films on a surface). The
general Flory formula for d < 41is

v=3/(d+2) (I11.2)

Above four dimensions, v sticks to the ideal chain value (»
=),

The dilute regime corresponds to chain concentrations pp
= p/N such that the coils are mostly separated from each
other

poRc? = ppN"¢ & 1 (I11.3)

In this limit the osmotic pressure = is given by a virial ex-
pansion?

(111.4)

where M is the molecular weight of the polymer chain. The
quantity Ag is a second virial coefficient. (The notation
A(0) recalls that it is defined here in the dilute limit.) As
in a hard sphere system, A2(0) is proportional to the vol-
ume occupied by one chain

A2(0) = TRg3/6M2 ~ Nvd=2 (I1L.5)

Equations IIL1, 111.4, and II1.5 have been amply verified?
and we have nothing to add here. But eq III.4 and IIL5 will
be of use later for comparison with the behavior found at
higher concentrations.

‘2, Semidilute Solutions. This regime sets in when
ppR? > 1. The chains now interpenetrate each other and
the thermodynamic behavior becomes completely differ-
ent. In terms of the monomer concentration p, the semidi-

lute regime is defined by the two inequalities
prLpkl (I11.6)

where we have introduced a critical concentration

Macromolecules

p* = NRg=¢ = N1=#d = cxp (11L.7)

In our experiments p* ranges between 1073 and 8 X 102,
The changes occurring near p = p* have been studied by
various methods and in particular by neutron scattering.
Here we shall be more concerned with the region above p*
defined by (I11.6).

In this region the mean field picture could be presented
as follows: for small p the free energy density is of the form

3
F = Fou +— v fo3(r) dr, 0(p%)
2 Vv
where Figeq is the free energy for nonintersecting coils with
their unstretched radius Rg® = N1/2, and V is the volume
of the sample. The parameter v (with dimension volume) is
a virial coefficient for the monomer-monomer interaction.
One definition of v follows the paper by Edwards.!® In the
Flory notation we would write

02m? 02mg? 2]
- - 1 - — )
Vi (% —x1) Vi V1 ( T) (I1L.9)

where V; is the molar volume of the solvent and m¢ the
molecular weight of the monomer. The constant x; charac-
terizes the solvent-solute interaction, ¥, is the entropy con-
stant, and O is the Flory temperature.

We restrict our attention to good solvents where v is pos-
itive. Returning now to eq II1.8 the mean-field approxima-
tion amounts to replacing p2(r) by p2. The osmotic pressure
is related to F by the general formula

r= it ()
’ 9pp \pPp

{since 1/pp is the volume per chain and F/py, is the free en-
ergy per chain). Using p, = p/N, eq II1.10 may also be writ-

ten as:
o (F
=e2()
ap \p

Writing F = Figeal + %Tvp? in the mean-field approxima-
tion we get

(IT1.8)

L=

(I11.10)

(I11.10")

The first term (derived from Figeal) is in fact negligible for
semidilute solutions. Thus the mean-field prediction is es-
sentially

(ITL.11)

We notice that at a given concentration c¢ in this range, the
osmotic pressure is independent of the chain molecular
weight. (In the dilute range, =/T is strongly dependent
upon M (eq II1.4).)

However, this formula omits a very important correla-
tion effect; when one monomer is located at point r, all
other monomers are repelled from the vicinity of r. Thus
the average of p2(r) is expected to be smaller than 2. (Also,
as we shall see, the chains are still swollen in the semidilute
region; this reacts on the entropy.) To include all these ef-
fects, let us assume that the osmotic pressure behaves like
some powers of the concentration

% = constant X ¢™ (I11.12)
This particular scaling law can be, to some extent, demon-
strated by a renormalization group technique!” or related
to the scaling properties of a magnetic system.® If we accept
it, we can derive the value of the exponent m by asking that
eq IT1.4 and II1.12 give the same order of magnitude at the
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Figure 2. Representations of the osmotic pressure vs. concentra-
tions. The data of ref 18 are divided by ¢? (open circles) and by c%4
(closed circles). The latter representation illustrates the proposi-
tion that in the semidilute range, the osmotic pressure behaves as
¢94 rather than the mean field value 2.

crossover between dilute and semidilute regimes (¢ = c¥*)

T c*
—| =~ — ~ constant X (c*)™ (II1.13)
Tl
Inserting the value from eq II1.7 for c* gives
m=vd/(vd — 1) (IT1.14)

a value first derived in ref 6. For d = 3, and using » = %,
one finds m = %, to be compared to the mean-field value m
= 2. The difference is not very large but, as we shall see it,
vigible in careful experiments performed with sufficiently
long chains {(a large N is favorable, because it gives a small
¢* and thus a wide range of semidilute systems).

(a) There are many data in this field® of osmotic pressure
measurements. We shall discuss here the findings of Stra-
zielle and coworkers,'® who measured the pressures at the
highest possible concentrations beyond c¢* in order to de-
tect deviations from the ¢2 behavior. Figure 2 shows two
representations of these data, respectively n/c? and #/c9%4,
The two curves illustrate the discussion about the expo-
nent m. The figure is however not intended as a proof of eq
IT1.12. The evidence which we consider as an experimental
proof for the value of m is given in section IV.

(b) The heat of dilution, AH;, and the specific heat of
dilution AH;, can be calculated as a function of c. A defini-
tion of AH| is?

AHI = g'plg (11115)
where ¢ is the change of energy for the formation of unlike
contacts and p;2 is the number of such pairs. This quantity
is evaluated as follows. The probability that a site is occu-
pied by a (polymer) segment is p. Formula II1.12 tells us
that the probability for another segment to be in an adja-
cent site is p X p34. In other words, the conditional proba-
bility for a segment to occupy a site, knowing that an adja-
cent site is occupied by another segment, is p54. This quan-
tity is smaller than p; there is a depletion effect around
each site occupied by a polymer segment. The probability
for unlike contacts is thus

p(1 = p®4) ~ p12
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Figure 3. Log-log representation of the osmotic compressibility
(multiplied by ¢) vs. concentration. The data are taken from ref 21.
The extrapolation to 8 = 0 of the scattered intensities is made from
the intermediate momentum range (eq 11.8).

and the specific heat of dilution

AH1 = 8H1

= [p9/4 (I1L.16)

aps lp

where p, is the volume fraction of the solvent. Formula
I11.16 could explain deviations from the mean-field predic-
tion: AH/p? = constant. The evaluation of the exponent m
from existing AH; vs. p plots!® yields however values in ex-
cess of 9. This is not meaningful, in so far as the molecular
weights used in these experiments are very low. The semi-
dilute range is thus here too narrow.

(c) Compressibility measurements through small angle
scattering. These experiments were performed with solu-
tions of identical (deuterated or protonated) chains. They
measure the Fourier transform S(g) of the monomer-mo-
nomer correlation function.

S{q) = f(3p(0)dp(r))eiardir (I1L.17)

where 6p(r) = p(r) — p represents the local fluctuation of
concentration. In the limit of small ¢, a general thermody-
namic theorem?® imposes that S(g) becomes proportional
to the osmotic compressibility

x = ac/ow

limg—.o S(g) = Tex (111.18)
The correlation function S{g) is measured in the asymptot-
ic, or intermediate, range defined by eq IL5, and the ex-
trapolation at ¢ — 0 is made from this range. A typical plot
of S(q) at different concentrations is given in section IV.3.
In order to compare the extrapolated values at different
concentrations, some socalled ‘“absolute” measurements
must be performed in which the apparatus constant A in eq
I.2 is determined with sufficient accuracy. This raises
technical difficulties in neutron-scattering experiments.
These difficulties do not appear in light-scattering experi-
ments. We have therefore plotted values of (¢x) as a func-
tion of ¢, obtained by the extrapolation described above, of
light-scattered intensities?! by very long chains (M = 7 X
108), Figure 3. The details of this experiment are described
in ref 21. We wish however to point out that the values 7(0)
extrapolated from the “intermediate” momentum range
(Figure 3) do not correspond to the values I(0) reported in
ref 21, which are extrapolated from the “Guinier ran-
ge”. The result is ¥ =~ ¢, where y = 1.25 + 0.04.

We conclude that the exponent m = y + 1 in eq II1.12 is
definitely larger than 2, and in fact close to % as expected
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Figure 4. Schematic representation of the holes in the correlation
functions gg(r) and gi(r). There are three distinct behaviors: (i) as-
ymptotic (r > Rg), (ii) the hole (r ~ RR), (iii) critical (r < 1).

from the scaling law. We may end up this paragraph by a
qualitative remark, which will be of use later; the effective
interaction energy %uvT{p?(r)) defined in eq IIL8 is clearly
smaller than it’s mean field estimate %bvTp?, because of re-
pulsive correlations between monomers. We may define a
renormalized interaction constant by setting

v{p2?) = vp? (I11.19)

Returning to eq III.10’ for the osmotic pressure and com-
paring between eq II1.12, we see that the left-hand side is
proportional to p™ = p®/4. Thus v is proportional to

(p/4 ford = 3) (111.20)

v~ pm—2

This renormalization was not included in the Edwards
analysis of semidilute solutions.?? We shall see in the next
section that, when renormalization is taken into account,
the Edwards calculation becomes compatible with our pic-
ture.

3. Concentrated Solutions. When p tends to one we
find certain complications but also certain simplifications.
On one hand, it is not possible any more to describe the in-
teractions between monomers in terms of a simple coupling
constant v; the system is less universal. However, there do
remain universal properties on a large spatial scale. In an
earlier series of experiments!?%24 we have shown that the
radius of gyration for one deuterated polystyrene chain im-
bedded in normal chains was essentially the ideal chain ra-
dius R¢ ~ N2, From a theoretical point of view, in the
limit p = 1, we can neglect the fluctuations of p, the main
effect of the monomer-monomer interactions in this limit
is to preserve a constant density. The correlations present
in that phase are nontrivial, however; the chains still repel
each other and each chain is surrounded by a correlation
hole (of radius ~Rg) within which the concentration of
other chains is slightly depleted. This hole can be discussed
through a simple random phase approximation.?5 Here we
shall present only qualitative features of the hole which are
entirely model independent. Consider first the correlation
function (p(0)p(r)) for all identical chains; since the densi-
ty is constant (p = 1), this is equal to unity at all r. Let us
split this correlation into two terms

1 = (p(0)p(r)) = gs(r) + gi(r)

where gg represents the correlation inside our same chain
and gi the correlation between different chains. The shapes
of gs and g| are shown in Figure 4. A detailed calculation of
gs and g1 could be obtained*’ by the technique of ref 25.
The range of gs is of the order Rg. The magnitude ¢ of gs
for a typical r ~ R is such that the integral of gg gives the
total number of monomers on one chain

fgs(r)d®r =N

(I11.21)

(II1.22)
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Thus eR2 ~ N, or e ~ N1=/2 (~N-1/2 for d = 3). Note that
€ < 1. The correlation between different chains gy =1 — gg
is thus slightly depressed (by an amount ¢) in a region of
radius Rg. This could be seen in principle by a study of
mixtures between normal and deuterated chains; if we have
a concentration pp of deuterated monomers (the total con-
centration hydrogen + deuterium remaining equal to 1) we
can measure a correlation function (pp(0)pp(r)). Since the
mixture is ideal, we may write

p{pp(0)pp(r)) = ppgs(r) + ppgi(r)
= pplgs + pp(1 — gs)]

= pp® + gs(r)pp(1 = pp) (I11.23)
or in terms of the fluctuating part éop
{6pp(0)8pn(r)) = pp(l — pp)gsir) (I11.24)

For a given scattering vector ¢ we would measure the Fou-
rier transform Sp(q) of this correlation. Let us restrict our
attention for the moment to the small g limit. Making use
of eq II1.22 we have

Splg =0) = pp(1 — pp)N

The pp(1 — pp) dependence is natural for an ideal mixture
(as noted in ref 11). But another presentation of this result
is interesting in terms of the number of deuterated chains
per unit volume ppp = pp/N. We have

Splg=0) = N2[pPD - NPPDQ]

We may express this in terms of a second virial coefficient
Aq(1) for the deuterated chaing;*® we have exactly

Ay(1) = (1/N)(@/myo) (IT1.27)

(cf. ref 11). This is to be compared with the virial coeffi-
cient A2(0) for the dilute limit (eq IIL.5). Note that

A3(1)/A2(0) ~ N1vd = N—4/5 ford =3 (II1.28)

Thus As(1) is very small; indeed up to now, we have not
been able to detect any deviation from a linear law for Sp(g
= 0) at small cp. However, it is worthwhile to notice that eq
I11.26 for Sp applies to all concentrations pp (for p = 1).
Using the values of pp of order %, it should be easy to check
it. Equations II1.25 and II1.27 were derived in an earlier
paper on liquid polystyrene.!! We have rederived them for
later uses in our discussion of As(p) in the semidilute re-
gime.

(I11.25)

(111.26)

IV. Spatial Correlations in the Semidilute Regime

1. Correlations Inside One Chain. Let us again start
from the concentration pair correlation function (which is
measured in experiments on identical chains) and split it as
in eq I11.21 in two parts:

(p(0)p(r)) = gs(r) + gi(r)

Again gg(r) will represent the intrachain contribution,
which can be separated using deuterated labels. In the con-
centrated system (p = 1) the sum gg + g1 was constant. But
in the semidilute systems gg and g1 represent separate un-
known functions.

Let us focus our attention first on gg(r). We may define
it by the following recipe; at the origin (0) we put one par-
ticular monomer (the nth monomer) of a certain polymer
chain P. Then we look at a neighboring point r and ask for
the local concentration of monomers belonging to the same
chain; this is p~lgs(r). At small r we expect gs(r) to be
dominated by excluded volume effects inside chain P.
Using the scaling law?6-27 we are led to expect that

1
s = 20)

(Iv.1)

(Iv.2)



Vol. 8, No. 6, November—December 1975

where p(r) is the number of chain units which will give a
coil of size r. Thus p(r) ~ r'’» and

1

= go(r) = p=d+l/v o~ p=4/3 ford=3 (IV.3)
Equation IV.3, for an isolated chain, was written down long
ago by Edwards.!® This single chain behavior will apply
whenever the local concentration p~1gg(r) due to a chain P
is larger than the average concentration p (due to other
chains). The cross-over will thus occur at a certain charac-
teristic distance £ such that

1
;gS(E) =p (Iv.e)
Equation IV.3 then shows that
£ pv/led=1)
or
£=p3/4 ford =3 (IV.5)

In a recent experiment,5 the single chain behavior could be
observed at concentrations substantially greater than p*.

At the lower concentration limit (p = p*) the length £ is
equal to the coil size Rg(p*) ~ N*. At higher concentrations
¢ is smaller than Rg(p). Ultimately, for p equal to unity £
becomes of order one (i.e., comparable to the monomer
size). In this limit all effects of the anomalous exponent »
are removed. This is why the simple random phase calcula-
tion of ref 25 is acceptable for molten polymers.

At distances larger than £, the chain P may be considered
as a succession of statistical elements, with a number of
monomers per element p(§) ~ £+, The average square
length of one element is £2. Successive elements are
screened out from each other by the other chains, and the
overall behavior is thus expected to be gaussian. Thus the
end-to-end distance R (p) is given by

R%(p) = N £2 ~ Np(1=20)/(vd=1)
p(®

Equation IV.6 can also be derived from the Des Cloiseaux
approach (see Appendix).

(a) Radius of Gyration. From relation IV.6, the ¢ and
M dependence of R2(c) is

R%(c) ~Myc~14  ford =3

where M, is the molecular weight average.

In order to test the validity of this relation, we have mea-
sured the radii of gyration of the PSD chain dispersed in a
PSH and CS; solution. Two sets of PSD, PSH, and CS; so-
lutions have been used, corresponding to the two molecular
weights given in Table 1.

The data were obtained using the small angle apparatus
at the L.L.L. with the set-up described in section II. The
two values of the quadratic mean wavelength of the inci-
dent beam (given in Table I) are chosen to match, for each
set of samples, the inequality gRg(c) <1 (IL.1").

The radius of gyration, Rg(c), of a chain dispersed in a
solution with chain concentration ¢ is measured from the
pair correlation of the labeled chains. Although the concen-
tration c¢p of labeled chains is small compared to c, there
are interference terms which must be evaluated. This is
achieved by extrapolation of the data at cp = 0 while main-
taining the total concentration ¢ fixed. For each total con-
centration ¢, eight samples are studied; four solutions are
made with the concentrations ¢p = 0.020, 0.015, 0.010, and
0.005 g ecm~3 of PSD (each containing a concentration cy of
PSH such that the sum ¢y + ¢p remains equal to ¢). The
four others are test samples which contain only the four

(Iv.e)

av.mn
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Figure 5. Zimm plots of the scattered intensities by deuterated
chains of PSD, at three total concentrations (sample 1, Table I): (i)
¢ =006gcm™3 (il) ¢ = 0.10 g em™3, (iii) ¢ = 0.33 g cm™3. The
length r is a measure of the scattering angle, r/L = 0, where L is
the path length between sample and detector. cp is given in units
of 1072 g cm3 and « is a scale factor.

concentrations ¢ — c¢p of PSH. For each value of ¢p the ef-
fective coherent intensity I(g,cp) or I(r,cp) is obtained by
subtracting from the scattering intensity of the sample the
one given by its test sample. This last operation is made in
order to eliminate the proton incoherent background.!}

The effective intensities I(g,cp) are extrapolated to cp =
0, using the well-known relation of Zimm28

Kep _ 1
I(gecp) M,

where K is a constant and As(c) a coefficient which ac-
counts for the pair interactions between labeled chains.
This relation allows us to obtain the values of Rg2(c) and
As(c) using linear extrapolations to cp = 0 and to g2 = 0,
respectively.

The method is applied to solutions of sample 1, for nine
concentrations ¢ from 0 to 1.06 g cm™3 (the bulk density)
and to solutions of sample 2, for two concentrations (¢ =
0.06 and 0.2 g cm™3).

Figure 5 shows three of these Zimm plots corresponding
to the concentrations ¢ = 0.060, 0.100, and 0.33 g cm™3 of
solutions made with sample 1 (M,, = 114000). The experi-
mental data are in good agreement with the Zimm relation
if we neglect the curve obtained from the solution ¢ = 0.33
g em~3 (¢p = 0.02, cy = 0.31) which has an anomalous vari-

2 2
(1 + QR—;}(C—)) +245(c)cp  (IV.8)

-ation. This last curve can be explained by a wrong determi-

nation of the cy concentration for the test sample.

The slopes of the extrapolated lines at cp = 0 and 82 = 0
in Figure 5 indicate that Rg?(c) decreases more moderately
than the coefficient As(c), as concentration increases. This
can be checked from the numerical values, given in Table
II, of Rc(c) and Ag(c) determined with two sets of runs (re-
spectively samples 1 and 2).

The third column of this table gives the thickness t of
the containers used in the experiment. The optimal ¢ for a
given concentration was tested in an earlier experiment?®
in such a way that multiple scattering effects are avoided
for a greatest possible scattered intensity. The case ¢ = 0
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Table 11
Concentrations and Radii of Gyration

AZ(C)$ MwAZ(C)a

c, t,  Rglc), R 10 g2 g7
M, gem™® mm A@5% M, cm® cm?®
114000 0.00 10 137 0 6.21 70.8
0.03 10 120 62 3.54 40.4
0.06 10 117 60 1.02 11.6
0.10 5 111 60 0.44 5.0
0.15 5 104 59 0.29 3.3
0.20 2 101 60 0.15 1.7
0.33 2 95 59 0.19 1.0
0.50 1 91 53 0 ?
1.06 1 82 59.5 0 ?
(bulk)
500000 0.06 5 242 58 0.11 5.5
0.20 2 226 68 0.03 1.5
T T 1 1 l I LN T T —[
Re
150}- —
(A)
100{__ ]
50| -
L 1 1 1 l 1 1 — L l
0 05 ¢ gem 100

Figure 6. Radius of gyration Rg as a function of concentration,
obtained from extrapolation of the Zimm plots, at nine different
concentrations of PSH (sample 1).

(Table II) corresponds to the situation where chains are
identical (PSD), i.e., there are no PSH chains. The values
of Rg and A, obtained in these conditions are consistent
with those obtained from light-scattering measurements.

Figure 6 shows the variation of the radius R¢ as a func-
tion of ¢, determined with sample 1; Rg(c) is continuously
decreasing as the concentration increases.

In order to test the model of a gaussian chain, of which
only the subunits (of length £) are submitted to the exclud-
ed volume effects, the log-log plot of RcMy~! as a function
of ¢ is given in Figure 7. The slope determined by this plot
is 0.25 + 0.02. It is in excellent agreement with the theoret-
ical prediction of a ¢c~1/4 variation. The universality of this
variation is confirmed by the data obtained from the sam-
ples of molecular weight 500000. (This representation
yields however an artificial diminution of the experimental
data dispersion, which appear if we look at the
RG2M,,~1c1/4 values given in Table IL)

The theoretical predictions (eq IV.6) are given in terms
of the quadratic end-to-end distance, R%2. The measured
quantities are however the radii of gyration Rg?

RZ=+ ¥ (IV.9)

(rij%)
Nien
where r;; is the distance between segments (1,j). The inter-
pretation of Figure 7 is only meaningfull if the ratio Rg%/R?
does not vary as a function of concentration, for ¢ > c*.
Since we have assumed that the chain is essentially

“Gaussian” beyond ¢*, we may expect that Rg2/R? is effec-

Macromolecules
1] T I T 1 I
5| J
RS
Mw
2L -0.25 -
0 K
*
100]__ A _
5| 4
2| ct i
10 ! . | ; A I
w? 2 107 ;2 5 1

C gcm

Figure 7. Log-log plot of Rg2M,,~! as a function of concentration,
for samples 1 (@) and 2 (a).

T T T T
2
®
2] -
1= _
0 1 1 1 1
0 2 It 6 8 Cr* 10

Figure 8. Calculated ratio Rg%/R? as a function of c¢/c*, in the in-
terval ¢/c* = 1 (eq IV.11).

tively a constant. More precisely, the model described
above tells us that

{rij?2y =i = j|* for|i—jl <n
(rg?)y=|i—jln>t  forli—j>n (IV.1I0)
n p—u/(vd—l)
The calculation yields
Rg2 1 1 1
26 sl
s “lsTmrnamry TV

where x = (p/p*)V/(1-vd),

The function Rg2/R? is displayed in Figure 8 as a func-
tion of ¢/c*. The figure shows clearly that this ratio is con-
stant as soon as ¢ > c* This result confirms a posteriori
the experimental test described above. In the neighborhood
of c*, the departure from the ¢ =14 law should be more pro-
nounced for Rg2 than for R2. In the limits of the experi-
mental error, this departure does however not appear in
Figure 7.

Relation IV.11 can only be used in the range p* < p < 1.
This raises naturally two questions, in connection with ear-
lier remarks concerning the decrease of R¢ as a function of
concentration. The concentration c¢* as defined in (II1.7) is
not a quantity that can be accurately determined either
from the theoretical nor from the experimental point of
view. Second, the mechanism which is responsible for the
decrease of Rg? in the dilute range ¢ < c* is not well under-
stood.
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(b) The Second Virial Coefficient. We may call the
coefficient Ag(c) in eq IV.8 the second virial coefficient of
the deuterium fraction. The value of these coefficients is
determined from the Zimm plots. The precision obtained
on the evaluation of the As(c) is not very satisfactory, and
beyond ¢ = 0.4 g cm™3 the experimental value is meaning-
less. In spite of this lack of precision, we have drawn the re-
sulting Az(c) in a log-log plot as a function of concentra-
tion (Figure 9). Neglecting the data below c*, it is seen that
A, is a decreasing function of ¢, behaving roughly like 1/c,
and that A, is inversely proportional to the molecular
weight (cf. eq II1.27).

These variations of As(c) may be explained as follow;
since the mixture of deuterated and normal chains is ideal,
we may write the relevant correlation function in the form

{pp(0)pn(r)) = p—Dgs(r) + <p—D>2gI(r) (IV.12)
I3 p

where gs(r) is the self part defined in eq IV.1 and gi(r) the
part corresponding to distinct chains. We are interested in

Sp(q) = f(6pn(0)épp(r))eiard3r (1v.13)

at the valueg =0

Splg = 0) = fd3 [(pp(0)pn(r)) — pp?]
oD PD\?
=25 - (7> I (IV.14)
where

Is = fgs(r)d®r = Np (IV.15)
It = [[N?0? - gi(r)]d®r (IV.16)

Returning to the case of identical chains, we can write the
osmotic compressibility theorem (eq I111.18) in the form

F
Is—I1=TpL~ pm-2= p-14 (IV.17)
am
where we have used eq II1.12 for the osmotic pressure. Let
us compare the right-hand side to Is. Using eq IIL.7 and
II1.14 we have

p2—m

V.18
A ( )

~ N=1pld=2/0sd=1) = (p/p¥)2-m

Thus, when p <« p* we can, in a first approximation, neglect
the right-hand side in eq IV.17 and put Is = I because the
compressibility is weak in the semidilute regime. Returning
to eq IV.14 we then have

Splg = 0) = Npp(1 - pp/p)

This we can write

(IV.19)

oD 1 s
o~ — o — 1V.20
S0 " NN, (IV-20)

Comparing this with the Zimm relation (eq IV.8) we get
Ax(p) ~1/Mp av.21)

Including the compressibility correction would change this

to
Aslp) ~ Ml-; [1 -k <9;*>”4]

pPpKl(d=38)

(Iv.22)

where k is a numerical constant of order unity.

This form is in satisfying agreement with the data shown
on Figure 9. However it must be emphasized that the lead-
ing term in this expression (Np)~!is essentially the conse-
quence of a sum rule, and is not related to the anomalous
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Figure 9. Log-log plot of the second virial coefficient of the deute-
rium fraction, As(c), vs. concentration ¢ of the protonated fraction.
The straight line illustrates eq IV.21: sample 1 (®), sample 2 (a).

exponents which occur in #(c), in R(c), and in £(c), Thus
the determinations of A2(c) remain of moderate interest.

(c) Behavior of gg(r) for £ < r < R. In this region we
expect p~1gs(r) to be of the ideal chain type, discussed long
ago by Debye,3 provided that the statistical unit is chosen
according to the rules above. This is described most simply
in terms of Fourier transforms. The most interesting range
of g vectors corresponds to

1/R « q <« 1/¢ (IV.23)

and in this range the Debye formula reduces simply to

1 1 )
'c'gs(Q) = f gs(r)e'erdsr = cte 1—2% (IV.24)

where the numerical constant depends on the coefficients

chosen in eq IV.5 and 1V.3. In what follow we shall normal-

ize £ so that this constant is unity. The spatial version of
this formula is for d = 3

-1 _3p(&)

¢~ lgs(r) ior

One possible determination of ¢ could be based on the
comparison of scattering data for a single deuterated chain
in a solution of protonated chains with eq IV.8 and IV.25 or
with their Fourier transforms, the cross-over between the
two terms occurring at r = £,

These types of data® indicate however that such a cross- -
over is not a quantity that can be measured with accuracy.
In so far as it is observed, the characteristic distance r is
small compared to the value of ¢ obtained from measure-
ments on identical chains in rather more favorable condi-
tions. This will be described in the next paragraph.

2. Correlations between All Monomers. Let us now re-
turn to the full correlation function

fort<r<R (I1V.25)

(p(0)p(r)) = gs(r) + gi(r) = g(r) (IV.26)

where gg(r) is normalized following eq IV.15.

At small distance (r < £), g(r) is dominated by gs(r) and
described by eq IV.3. What happens at a larger distance?
The first detailed approach to this problem is contained in
an elegant paper by Edwards.22 This is based on a random
phase calculation, when the interaction v (eq IIL.9) is treat-
ed as small;*? one essentially writes that the total correla-
tion function g(r) is the sum of a direct term gg(r), inside
one chain, plus corrections involving two, three,..., n
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Table I11
Characteristics of the Samples in
the Identical Chain Experiment

PSD c*, c, ¢ £,
Sample M, My/M, gem™ gem™® mm A

A 5 x10° 1.14 0.02 0.04 10 29
B 5 x 10° 114 0,02 0.075 10 18
C 5 x 10° 1.14 0.02 0.15 5 10
D 1.1x10% 117 001 0025 10 41

chains.

g(r) = gs(r) — fgs(rivgs{r ~ r1)dsr; +

Jgs(ri)vgs(ra — r)ovgs(r = ro)dsridgra— ... (IV.27)
In terms of Fourier transform this simplifies to
S(q) = fdarg(r)e'ar = go(q) — vgs:q) +. .. (IV.28)
or
Sq) = —£59__ (1V.29)
1+ vgs(q)

Edwards used for gs(g) the Debye form, assuming that the
chain was ideal at all distances, i.e.,

gs@~2 forgRo > 1 (IV.30)
g4l
This gives
12Ncl—2
S(q) ~————— .
@~ (IV.31)
where the “screening length” g is defined by
¢g = (12cuN[—2)~1/2 (Iv.32)

Two sets of experimental results are used in order to test
the validity of these theoretical previsions. They both have
been obtained in the intermediate ¢ range from runs with
the small angle neutron apparatus of Saclay. The first one,
corresponding to semidilute solutions of protonated poly-
styrene dispersed in deuterated benzene, is largely de-
scribed elsewhere.l? The second is obtained from the two-
axis spectrometer in the conditions described in section II.
In this case the samples were solutions of identical deuter-
ated polystyrene dissolved in carbon disulfide. The charac-
teristics of these samples are given Table III.

The data of ¢/S(g) for samples A, B, and C are shown in
Figure 10. It is clear from these plots that the ¢ dependence
is correctly described by eq I1V.31, i.e., S(g) has the predict-
ed Lorentzian form.

However, the data also show that the analysis of ref 22
must be amended.

(a) Figure 11 indicates a departure from the Lorentzian
behavior beyond ¢ = 5.5 X 10-2 A~1, The pair correlation
becomes dominated by self-excluded volume effects, as
predicted by eq IV.3. The cross-over is here clearly ob-
served for the concentration ¢ = cp = 2.5 X 1072 g cm™3
(sample D). The fact that it is not observed with samples A,
B, and C (i.e., at higher concentrations) means that the mo-
mentum ¢*, defining the cross-over boundary, is beyond
the ¢ range explored in this experiment.

(b) The intercept S(g = 0) varies like ¢!/ while in the
Edwards calculation it retains it’s mean field value (S(0) =
1/v = constant). This is the compressibility anomaly which
was described in section IIL. (The experimental evidence is
taken here from the light-scattering experiment.)

(c) The experimental characteristic length ¢ determined
from the Lorentzian broadening of the scattered intensity
is clearly not proportional to ¢~1/2, but rather to ¢ ™%, where

Macromolecules
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q210° A2

Figure 10. Inverse scattered intensities as a function of the
squared momentum transfer. The intensities are expressed in arbi-
trary units for the concentrations A, B, C in Table III.
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Figure 11. Inverse scattered intensity as a function of the squared
momentum transfer. The concentration is here cp = 2.5 X 102 g
cm~3, somewhat above c*. The cross-over between the Lorentzian
behavior and the isolated chain behavior is clearly seen at g2 = 5 X
10-3 A-2, This value is about four times as high as the observed
value £~2 (corresponding to concentration cp).

2z = 0.72 £ 0.06 (Figure 12). The origin of this discrepancy
is in fact simple. There are two flaws in the Edwards argu-
ment.

(i) The self-correlation function ge(r) is indeed of the
Debye type for long distance, but the statistical element
has a length £ and a number of units p(§), i.e., we must use
eq IV.24 instead of eq IV.31 for gs(q).

(ii) The effective interaction, at small g vector, is re-
duced as explained at the end of section III; we must re-
place v by v (relation II1.19). When these two corrections
are included, we obtain:

S(q) = 12pNp(§)  _ 12pNp(§)¢~2
Ve v 12vp@®N, @ &

Inserting relation I11.20 for v and eq IV.5 for p(£) we find
that (apart from a numerical factor) 12vp(¢£)c = 1. Thus
the corrected screening length is identical with £.

This coincidence is not accidental. From a renormaliza-
tion group point of view!” it expresses that there is only one
characteristic length for a given c, in the limit of very long
chains (N — «).

It is perhaps of interest to recall that three independent
experiments can be considered for the determination of the
screening length £; namely, {71 is defined (i) as the cross-
over value g**, in the single chain correlation function .
Sp(q). (section IV1c); (ii) as the cross-over value g*, in the
segment correlation function, for a solution with identical
chains; (iii) as the Lorentzian broadening « of the scattered
intensity in the range ¢ < ¢* (eq IV.33).

The quantities g**, ¢*, and « may differ by a numerical
constant. However, they will have the same identical con-
centration dependence.

(IV.33)
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Figure 12, Log-log plot of £ as a function of concentration. £ is de-
termined from the Lorentzian broadening £~2 of the scattered in-
tensity curves (or abcissa intercept of the I-! vs. g2 representa-
tion). Closed symbols are taken from data of ref 10 for PSH in so-
lution and deuterated benzene: closed circle M, = 2.1 X 108, closed
triangle Mw = 6.5 X 105. Open symbols are obtained from scatter-
ing by samples of Table I1I.
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Figure 13. Two representations of ¢ as a function of concentration
in arbitrary units: upper part, £cV/2; and lower part, £¢3/4, The sym-
bols are the same as in Figure 12.

Experimentally, eq IV.5 for ¢ is in very satisfactory
agreement with the data obtained from type (iii). This is
clearly shown in Figure 13, where (/2 and £c®* are dis-
played vs. c. We conclude that the correlation length can be
measured directly from the scattering by identical chains
and that its dependence on concentration agrees with the
Des Cloizeaux picture.

The experimental determination of ¢ from g** (ref. 5)
and g* (Figure 11) does not yet lead to such a clear conclu-
sion. We have however observed that the following inequal-
ity holds

g** <x<g* (IV.34)

V. Future Experiments with Chains Labeled at
Specific Points

It is in some cases possible to label the chains (e.g., by se-
lective deuteration) at the endpoints or at the midpoint.
Experiments of this kind are currently being prepared in
various groups. For heuristic reasons, it appears not in-
considerate to discuss here briefly the kind of correlation
functions which will be measured in this way.

Let us choose, as an example, the case of chains labeled
at one final point (for instance at one end). Let us call f(r)
the corresponding correlation function
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Figure 14. Pair correlation function for the labeled end of polymer
chains in the semidilute regime.

f(r) = (p1(0)p1(r)) (V.1)

where p1 is the local concentration of the labeled monomer.
The average p; is equal to pp = p/N. We still have a com-
pressibility theorem
SU) = pp?ldor = Ty 22 (V.2)
T
(1) In the dilute limit the chains behave essentially like

hard spheres. A plausible approximation for f(r) would
then be

(V.3)

where p{(r;) would be the monomer distribution around the
center of gravity of one coil, and gn(ri — rs) would be the
correlation function for a hard sphere gas, for which precise
numerical data are available.’? In particular, when the
spheres become close packed (o — p*), the function gy
shows certain correlation peaks which might be reflected in
f{r). However, when p gets close to p*, the coils begin to in-
terpenetrate; the analogy with a gas of hard spheres breaks
down, and all predictions become nebulous.

(2) Let us now go to the opposite limit p = 1. The corre-
lation function f(r) for this case is calculated explicitly in
ref 22, It is very similar in shape to the function gi(r) of
Figure 4 and shows a shallow correlation hole of size R =
N2, The Fourier transform f(g) is a monotonously in-
creasing function of the wave vector g; no peak is expected.

(3) Finally, let us consider the semidilute regime. Here
we must discuss separately the regionr > ¢ and r < {. Forr
> £, f(r) is similar in shape to the high-concentration limit,
with a properly scaled correlation hole extending to dis-
tances r ~ R(c). For r < £, the correlation f is expected to
drop abruptly (Figure 14). There is a strong excluded vol-
ume effect rejecting any other labeled monomer from the
vicinity of the origin, where one monomer is present. This
effect appears related to the terminal point distribution
function Wx(r) for an isolated chain starting from a fized
point 0. Des Cloizeaux2? has shown that for small r

R L
Rgl R
where Rg = N" is the single chain radius, and u is another

critical exponent. In terms of the v exponent associated
with the entropy of a single chain,?” one expects

<~lford =3)
3

The analog of Wy (r) for our problem is pp~!f(r). The ana-
log of 1/Rg¢ is the concentration of labeled points p,. We
expect that p,~!f(r) will reach its unperturbed value p,*8
forr ~ ¢,

f(r) = [d3r1d3rop(r1)gn(rs — ro)p(r — ro)

Win(r) ~

(V.4)

=11
14

u (V.5)
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Thus we are led to the following conjecture

rlu
- (v.6)

pp f(r) =~ pp (r<¥)

Measurements in this domain are not easy. But, if they
can be performed in the future, they may give direct infor-
mation on the exponent v.

Similar experiments can be considered with the chains
labeled at their midpoint, or also with chains labeled at
both ends. The correlation function fa2(r) for the latter case
is qualitatively reproduced on Figure 14.

VI. Concluding Remarks

1. Deviations from Mean Field. We hope to have
shown that (a) semidilute solutions show significant devia-
tions from the mean field theory and that (b) the devia-
tions can be systematized in terms of one single scaling as-
sumption (say for the osmotic pressure). We also conclude
that the apparently very different points of view intro-
duced by Des Cloizeaux and Edwards can be reconciled
provided certain renormalizations (of the chain statistical
unit, and of the interactions) are included in the Edwards
picture.

Certain points remain obscure; the data on the heats of
dilution do not fit with the scaling law, probably because
they are not taken in a broad enough semidilute concentra-
tion range. Also the experimental behavior of the intra-
chain correlation function gs(r) (as measured on deuterat-
ed chains) does not show clearly the cross-over at r = §
which is expected. On the other hand, the cross-over ob-
served for the segment pair correlation function, measured
on identical chains, occurs at a distance r which is smaller
than ¢ But the three independent neutron (plus the light
scattering) data on the anomalous exponent do converge
remarkably to the same value and are in good agreement
with the Flory calculation of ».

All our discussion has been very qualitative, and primari-
ly oriented toward the determination of certain power laws.
We have not investigated, experimentally or theoretically,
the constant factors which enter in these power laws; com-
paring with the present experience in the field of phase
transition,®* we are let to believe that measurements of
these prefactors will require long efforts.

2. Future Investigations with Poor Solvents. Another
direction of interest is related to controlled changes of the
interaction constant v. In all our discussion we have taken
v to be positive and comparable to the monomer volume, as
it is in a good solvent. When the solvent quality decreases,
and we get close to a © point, the interaction constant and
v become small and the next virial term in the free energy
(eq IT1.8) must be included. One of us has argued recently
that the region T' — 8 is related to a point in the magnetic
analog.®® This leads (for T' = © exactly) to an osmotic pres-
sure law in the semidilute regime (at d = 3), = = ¢?, essen-
tially identical with the mean field prediction for T' = 6.
For T < O the demixtion problem is still a challenge (see
Appendix), but the complications introduced by polydis-
persity (even if the latter is weak) may forbid precise deter-
minations of the associated critical exponents.

3. A Conjecture on the Rubber Elasticity of Entan-
gled Chains. Returning to the good solvent situation, it
may be appropriate to insert in these conclusions one re-
mark and one conjecture. The remark concerns the osmotic
pressure law = =~ Tc%* in the semidilute regime. It may be
argued quite generally that (apart from a numerical coeffi-
cient) /T measures the number of contact points between
different chains (per unit volume). In a mean field picture
this number is proportional to p2. Here, as explained in sec-
tion III, it is smaller than p2.
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This may possibly be related to an interesting physical
parameter; if we measure the viscoelastic properties of a so-
lution, at a finite but low-frequency w, and if the chains are
long enough (so that the relaxation rate is smaller than w)
we expect to find an elastic modulus E of the rubber type,
due only to entanglements between different chains. A
number of arguments suggests that E/T is proportional to
the number of contact points; in mean field theory this
would give E = Tp2 More complicated power laws have
been proposed within mean field theory3® but they are
open to some criticism.3¢ Our conjecture is that E is indeed
proportional to the exact density of contact points, i.e., that

E=T* (p*<kp«l)
The experimental situation is not too clear at present, but
we hope to come back to this point in later studies.

4. Semidilute Behavior of Two-Dimensional Polymer
Films. Monomolecular polymer films can be prepared on a
liquid interface, or on a solid substrate. In principle, for d
= 2 the deviations from mean field are much more glazing;
for instance the osmotic pressure should behave like c? in
good solvent conditions, rather than ¢2. However, the range
of semidilute concentrations is not very broad in two di-
mensions. Also, many experimental techniques (such as
neutron scattering) become inapplicable for a single film. It
would be necessary to work with a system of many super-
posed films, for instance, to incorporate solute polymer
chains in a lamellar phase of lipid plus water,3” each lamel-
la behaving more or less like an independent two-dimen-
sional sheet. Clearly these experiments belong to a rather
remote future,
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Appendix

The Magnetic Analog to Polymer Solution. An Intro-
duction. In this appendix we present a new and perhaps
simpler derivation38 of the analogy found by de Gennes?®
and Des Cloiseaux® between the “polymer” problem and a
“magnetic” problem.

1. A Few Basic Facts about Ferromagnets. The main
features of ferromagnetic transitions are reviewed for in-
stance in the book by Stanley.?® Ferromagnetic order is de-
scribed“® by a magnetization vector M with a certain num-
ber n of independent componants: n may be equal to 3
(Heisenberg magnets), to 2 (planar), or to 1 (Ising mag-
nets).

The average magnetization M of the magnet is a function
of the temperature T and of the applied magnetic field H.
In zero field and at high T, the magnetization M vanishes.
However, below a certain critical temperature T there is a
spontaneous magnetization M(T,H = 0) as shown in Figure
15. Coming toward the critical point from the high-temper-
ature side (T > T, H = 0) the proximity of a transition is
signalled by two main effects.

(a) The susceptibility x = (aM/sH)| =0 becomes large
and diverges at T,

x~T7 (r=(T-TJ/T.) (A1)
~ is a certain critical exponent, depending only on d (the
dimensionality) and on n (the number of components of
M). Approximate formulas for 4 (d = 3,n) have now been

worked out.!?
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0 Tc T T

Figure 15. Average magnetization M as a function of temperature,
in the absence of applied magnetic field (full line). In the vicinity
of T¢, M behaves as ((T — T'c)/T.)%. In the presence of an applied
magnetic field, the relevant curve is the isometric line (broken
line).

(b) The magnetization correlation function (M{0)M(r))
has the general shape shown on Figure 16. The spatial
range of this function £ is a function of the temperature T
and diverges when T tends to T like

E~|d™
where v is another critical exponent.
The thermodynamical properties of the magnet can be
described in terms of a free energy F(H, 7). It will be conve-

nient for the following to separate in F the field indepen-
dent part F(0,7) and to write

AF(H,r)=F(H,r) — F(0,7)

If we know AF we know the average magnetization through
the simple rule

(A.2)

(A.3)

M = —3AF/sH (A.4)

In particular, at small H, and 7 > 0, AF can be expanded in
the form

AF = —(0.5)xH? (A.5)

and then M = xH as requested by the definition of the sus-
ceptibility. It is sometimes convenient to use M and 7
(rather than H and 7) as independent variables in the ther-
modynamic analysis. One then introduces the function
I’'(M,r) such that

oT(M,r)/6M = H (A.6)
It is related to AF by the formula
AF(H,7) = T(M,r) - MH (A7)

Near T, the dominant terms of T'(M,7) have the following
structure (first proposed by Widom in connection with an-
other critical point40)

I(M,r) =|*g(x)
x = M/ 7|8 (A.8)

where § is the exponent defined in Figure 15 and g(x) is a
certain universal function (for fixed d and n). The great
merit of this form is to reduce T to a function of one vari-
able x. The structure of g(x) is now known reasonably
well*! but we shall not need it in what follows.
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< M{0)M(r} >
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I
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Figure 16. Magnetization correlation function.

2. Relation between the “Magnetic” Problem and the
“Polymer” Problem. (a) Lemma. Let S be a “spin” with
n components S, (« =1, 2, ..., n), the length being chosen
to be n1/2, so that =, S,2 = n. This implies that geometrical
mean value

(S22 =1 (A.9)

The constraint of the fixed length can be considered as a
law of probability, whose characteristic function is defined
by the geometrical mean value

flka) = <exp (i ZkaSa> >
It is clear that f is a spherical function
1/2
flho) =fk) k= (k)
This function obeys the differential equation
~&°f = (Z8.2)f = nf
which can be written for a spherical function as
d2 n-14d
—(— 4+ — V=
<dk2 )f nf
The solution of this equation depends on two boundary

k dk
conditions, which are given by the small & expansion of
(A.10),

for any value of «

(A.10)

(A.11)

flke) =1=%((k8)?) +...
that is, taking account of (A.9),
flR) =1-—1%k2+ ...

Now f(k) = 1 — %bk? is a solution of (A.11) for n = 0.

Therefore, in the limit when n goes to zero,

f(R) = (exp(ik8)) =1 -% Y k,? (A.12)

Note that in the general case the function f(k,) defined by
(A.10) is the generating function for mean values of the
type ((S1)P1(Sg)P2 ... (S,)P"), p1, ..., pn being positive
integers. It is clear that the latter mean value is proportion-
al to the coefficient of (k;)P1(k2)P2. .. (k,)P in the expan-
sion of f(k,) in powers of k.

Hence, in the case of a zero-dimensional “spin”, all these
mean values vanish except the mean values (S,2) = 1 for
any value of a.
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(b) The Magnetic Model. We consider n component
“spins” SR located on the sites R of a lattice in a d-dimen-
sional space, coupled by a nearest-neighbor interaction K.
The length of the spins is taken as before to be nl/2,

The Maxwell Boltzmann law of probability of the system
reads

1 3C 1
d i) R -1 , SR.QR’
Zexp< T) Zexp(T Y Kgrgr SF.SF) (A.13)

where Krr' = K for nearest neighbors and Krp' = 0 other-
wise. Z is the partition function, which clearly will involve
only angular integrations, because of the constraint of fixed
length for the spins.

Z can be expanded as

7 = < I [1+KSQRSGR’+
RNR' o T

% (g)z (S.RS.RY2 4 .. ] >A

where RNR’ means that R and R’ are nearest neighbor
sites, and ( ) means the angular mean values. In the
limit when n — 0, thanks to the lemma (a), the expansion
of exp(KS RS, F/T) does not need to be continued after
the second term.

Terms of Z can be represented graphically; a typical
term is a loop on the lattice

corresponding to a product of KS.RS.¥/T, where the
index « is fixed. Moreover, since other mean values than
{S,2) are zero, one can pass only one time through a lattice
point; so the limit n = 0 contains the excluded volume, the
loop cannot intersect itself. Also, when there are many
loops, one loop cannot intersect another one.

This contribution of the loop is easily seen to be (K/T)N
where N is the number of segments. Now, the same loop
could appear with any index «, so that the summation over
o gives n(K/T)N which goes to zero when n — 0.

So one sees that Z reduces to the value 1

Z=1 (A.14)

(¢) The Problem of a Single Polymer Chain. The es-
sential content of the lemma (a) is that for n — 0 the only
allowed graphs are excluded volume graphs that is, one
cannot pass through a lattice point more than one time.

We now consider the correlation function for two spins
SR and SR far apart.

Since Z = 1, we get

C(R1,Ro) = (S;®18;F2) =

<SlRlis2 I [1 +Egre R4 .. ] >

RNR' o T A
The correlation is defined for a fixed component index (1)
for the two spins.

The different contributions to C(R1,R3) can be repre-
sented graphically. With the contribution of any loop being
zero after summation over the index «, one can see that the
only remaining graphs are all the excluded volume paths on
the lattice joining the points R; and Rs. For each segment
the term KS;RS;®/T is used, with the index a = 1, so that
for such a graph there is no summation on . The graph
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R1 R‘)

indeed directly represents a polymer configuration with the
ends fixed at R; and Ro. All the configurations are counted,
and only once.

This gives

K\N
CRyRy) = (SRS =3 (1) GNRi-Ry) (A15)

where N is the number of segments (or monomers) and
G(N,R; — Ry) is the number of configurations of a polymer
of N monomers with its ends fixed at R; and R..

The result (eq A.15) has first been found by de Gennes.26
For the magnetic problem, the correlation C(R; — Ry) is
known and behaves in the vicinity of T as

1 |R; — Ry
IRl_Rdd—2+nf< 15 ) (A.16)

where 7 is an exponent of the magnetic problem, and f is a
certain universal function (for fixed d and n). We recall
that £ ~ |7~ (eq A.2). Comparing (A.15) and (A.16) one
gets for large values of N, which appears as the conjugate
variable of 7,

('TKTC>N G(N,R; — Ry) ~ Ny—1-vd h<|R11V+Rd)

C(R; - Ry) ~

(A.17)
where & is a certain universal function. The exponent v has
been defined by (A.1). We have used in deriving (A.17) the
“magnetic” scaling relation v = (2 = n)v. Equation A.17
solves the one-polymer problem. The exponents appearing
in (A.17) have been calculated for the magnetic problem as
a function of d and n by renormalization group methods.
Setting n = 0, the results agree rather well with the Flory
estimate in three dimensions.?

(d) The Problem of Semidilute Polymers. We have
shown above that the magnetic n = 0 problem solved the
problem of a single chain. Des Cloizeaux® was the first to
realize that the same problem with an additional applied
magnetic field led to the understanding of the semidilute
regime. Applying a magnetic field H along the (1) direction
of the spins, the law of probability of the spin system be-
comes

?ip(_zi}ci = %exp(T—l[ZKRR,SR,SR' + HY S:R)

(A.18)
We have seen before that Z(H = 0) = 1. Thus we can write

70~ (L
%S‘,RS(,R#...) g<1+%is+...>>A

The expansion in powers of H contains obviously only even
powers. The loops being prohibited, the only graphs which
remain are ‘“polymer” graphs. For instance the term in
(H/T)? sums the contribution of all the one polymer con-
figurations between two arbitrary ends R and R’ with an
arbitrary number N of monomers, the value of such a
graph being (K/T)N(H/T)2. In general a term in (H/T)2P
is obtained by drawing P excluded volume polymers of
lengths Ny, No, ..., Np. Each possible configuration is
counted once and only once. Let then Np be the number of
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polymers, Ny the total number of monomers, then

Z(H) K\Nm ¢H\2Np
200 ( T) <T) UNyNp)  (A19)
where U(Np,Np) is the number of configurations of Np
polymers with a total number of Nj; monomers. So, pro-
vided that n = 0 in the magnetic problem, Z{H)/Z(0) is the
grand partition function of an assembly of polymers of
variable length, defined with the convention that 2 log H/T
and log K/T are respectively the chemical potentials conju-
gate to the number of polymers Np and the total number
of monomers Nj;. We can still write (A.19) in the form

Z(H)

= O9Nplog H —
Z©) Y exp[2Np log

(Num + 2Np) log TIU(Nym,Np)

(A.20)

(we have set K = 1, which means that H and T are mea-
sured in units of K).

Let pp and p be respectively the number of polymers and

monomers per unit volume, and let us define AF (see eq

A.3) by unit volume, then from (A.20) one gets

8 T
2o0p= —H—AF=HM=M— A21
op N M ( )
o ol
+20pp=T—AF=T— A.22
p+ 2p0p T T ( )

The osmotic pressure = is given by a general theorem as

r=-AF=-T+ML
aM

Finally the average number N of monomers per chain is de-
fined by

(A.23)

N =p/pp (A.24)

In the limit of large N, pp « p and can be dropped in
(A.22). Finally, for reasons to come clear soon, the magnetic
problem will be considered close to 7., which allows us to
replace T(4/oT) by s/ar. With these remarks, eq A.21 to
A.24 are now written as

1. o
=-M— A.25
PP M (4.25)
p= ?-I: (A.26)
ar
2N

=-T+M— A.27
T T M ( )
plop=N (A.28)

The relations A.25 to A.28 are the fundamental equiva-
lence relations between the magnetic problem and the
polymer problem. Assume for the moment, as we shall
show it later, that in the limit of large N one remains in the
vicinity of T.. Then we can use the Widom form (eq A.8)
for I'(M,7), and we get

= |7l"gp()

p =7 g (x)

gc(x)
N=2""7"-
I gp(x)

——

7 =|7]*dg.(x)

where gp(x), g.(x), g-{x) are universal functions related to
g(x) which we shall not write down explicitly. From the
above relations it is easy to deduce the “scaled” equation of
state, found first by Des Cloizeaux®

aNvd =

¢ (pN»=1) (A.29)
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valid for large N and high temperature of the polymer sys-
tem (because we took into account only the excluded vol-
ume effect, that is the entropy). ¢ is a certain universal
function. We can already see the existence of a “cross-over”
concentration defined by p*N*d-1 ~ 1.

Our aim being to describe a situation where N is fixed,
this imposes a certain relation between r and M in the
magnetic problem. The resulting line on a (M,7) diagram
will be called the isometric line; it is shown on Figure 15.

(i) The isometric line starts from a point T'; on the T axis
(T1 > T.). This region corresponds to x = M/78 « 1, and
g(x) has an analytical expansion in even powers of x. The
use of (A.25), (A.26), and (A.28) allows us to show easily
that T1 = T(1 + v/N). This region corresponds to a close
vicinity of T and also to p « p*. It is associated with the
dilute regime. Taking as a first approximation g(x) ~ Ax?,
one gets easily

7 =p/N (A.30)

which means that ¢(y) ~ y for y <« 1. With the same ap-
proximation, (A.25) and (A.26) give that N = p/pp = ~/7.
The correlation length measures the length of the correla-
tion between chain extremities; in this regime of separated
chains, it coincides with the swollen coil radius

R~E~17"~N¥ (A.31)

(ii) The isometric line then goes to an intermediate re-
gion with T'~ T and M finite. This corresponds to concen-
trations p comparable to p*.

(iii) Ultimately, the isometric line comes very close to the
spontaneous magnetization curve. Here the reduced vari-
able x = M/ 1{# tends to a finite limit (x ~ x). This corre-
sponds to the semidilute regime p > p*, but as announced
previously this situation happens still for small values of | 1
(7 is negative), of the order of 1/N.

If x = xo one gets as a first approximation T' = | 7*9f(x0)
and oT'/aM = 0 on the spontaneous magnetization curve.
Then from (A.26) and (A.27) one finds the fundamental re-
sult

T = Apud/(ud—]) (A.32)
where the constant A is independent of N. Note that
(A.26) gives p ~|7*?~1f(xo). The condition p > p* implies
7#¢=1INv4=1 > 1, that is |1 >» 1/N, which is not contradic-
tory with |7} « 1 in the limit of large N. This completes the
proof of our assumption of T being always close to T, as
the concentration varies. The result (eq A.32) implies that

¢(y)

On the whole the Des Cloiseaux analogy gives a very deep
insight on the problem of polymer solutions. It suffers from
one limitation, however; the problem which is solved is not
a problem of monodisperse chains. There is a broad distri-
bution of molecular weights. To be sure, we arrange that a
certain number average N is fixed and independent of p.
But the distribution itself does not retain exactly the same
shape at all concentrations (and in particular in the vicinity
of p*). Thus the magnetic analogy is useful for qualitative
purposes (to determine exponents) but probably less useful
if one really wanted to compare the shape of a correlation
function.?0

3. Technical Remarks on the End-to-End Correla-

~ Ayvd/vd=1) fory>» 1

‘tions. We shall briefly sketch here the derivation of eq IV.6

for the coil radius in semidilute solutions. The background
in magnetism required for this step is slightly more elabo-
rate; a list of references is given under ref 40.

As noticed by Des Cloiseaux® the correlations between
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two ends of one same chain correspond to transverse corre-
lations in the magnetic problem; if the applied field H is
along the z axis, we look at (M,(0)M,(r)) or at it’s Fourier
transform {|M,(g)|2). This has the form3?

(M. ()2 = . A (A.33)

2+K12

where A varies as £” where 7 is another critical exponent,
defined as in ref 39. The quantity «;~! is a characteristic
length,5! and will give us the size of the coils. The quantity
A/k1? is proportional to the transverse magnetic suscepti-
bility which is simply3?

x1 = Mo/H (A.34)

Mo being the spontaneous magnetization. We can eliminate
H through eq A.21 obtaining

= (A/Mo?)pp

Using the scaling law for ¢ and My, and various relations
between critical exponents, plus eq A.26 to eliminate 7 in
terms of p we get

K12 ~ N—lp(2u—l)/(vd—1) (A35)
an equation equivalent to (IV.7).

Similar arguments can be applied to the discussion of the
long-range correlation hole (shown on Figure 14) in semidi-
lute systems. What is considered here is the correlations
between the ends of all chains which, as shown in ref 6, is
related to longitudinal correlations or susceptibilities.

However, for a magnetic system with n > 1, these longi-
tudinal susceptibilities are influenced by transverse fluctu-
ations; an early discussion of this point can be found in ref
42. Tt is possible to show for instance that in three space di-
mensions the longitudinal correlation function contains a
long-range term

1 1
Mo2E2 r2
This is the source of the correlation hole (extending to dis-
tances of order of R). More precise calculation of the hole
cannot be attempted from this approach because of the po-

lydispersity effect discussed above; the R.P.A. approach of
ref 25 is probably preferable here.

(6M,(0)6M;(r)) =~ e (A.36)
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(43) To avoid cumbersome factors in the theoretical discussions, we shall
consider our molecules as inscribed in a periodic lattice, as in the Flory-
Huggins model, and we shall take the lattice parameter [ as our unit of
length. The concentration of polymer chains, p, (number of chains per
unit volume), is then a dimensionless number going from 0 (pure sol-
vent) to 1/N (molten polymer). The concentration of monomers, p, is
then equal to the polymer volume fraction. Whenever experimental re-
sults are discussed, the concentration ¢ in g cm~2 is used. The relation
between p and c is p = cD, where b is the partial specific volume of the
solute (monomer).

(44) We set the Boltzman constant equal to unity. T is the absolute temper-
ature.

(45) gg(r) in the interval 1 <r <R.

(46) The notation A(1) recalls that this coefficient is measured at p = 1.

(47) Another, possibly more simple, presentation of the random phase
method through a response function approach can be found in ref 31
and 25.

(48) The weak correlation hole effect is not important for this argument.

(49) We use here the standard notation in magnetism. Some symbols writ-
ten in this appendix (M,f,g) do not correspond to the physical quan-
tities discussed in the earlier sections. Others, such as AF, the free en-
ergy, v, have the same meaning.

(50) (a) This difficulty does not occur for the single chain problem, where it
is always possible to go back to a monodisperse situation by a suitable
Laplace transform. The difficulty occurs with more than one chain: fix-
ing the total number of monomers present does not fix exactly the
length of one particular chain. (b) The polydispersity also blocks possi-
ble extensions of the problem to poor solvents; the problem is compli-
cated by separation effects.

(51) We use the subscript 1 to avoid confusion with the length ! in eq
1v.33.



